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Abstract
Let r , k be positive integers, s(< r), a nonnegative integer, and n=2r−s+k. The set of r-subsets of [n]={1, 2, . . . , n} is denoted
by [n]r . The generalized Kneser graph K(n, r, s) is the graph whose vertex-set is [n]r where two r-subsets A and B are joined by an
edge if |A ∩ B|s. This note determines the diameter of generalized Kneser graphs. More precisely, the diameter of K(n, r, s) is
equal to  r−s−1
s+k  + 1, which generalizes a result of Valencia–Pabon and Vera [On the diameter of Kneser graphs, Discrete Math.
305 (2005) 383–385].
© 2007 Elsevier B.V. All rights reserved.
Keywords: Diameter; Generalized Kneser graphs
1. Introduction
Let G be a connected graph. Given two vertices a, b in G, the distance between a and b, denoted by dist(a, b), is
deﬁned as the length of the shortest path connecting a, b in G. The diameter of G, denoted by diam(G), is deﬁned as
the maximum distance between any pair of vertices in G.
Let r, k be positive integers, and n = 2r + k. The set of r-subsets of [n] = {1, 2, . . . , n} is denoted by [n]r . The
Kneser graph K(n, r) is the graph whose vertex-set is [n]r where two r-subsets A, B are joined by an edge if A∩B =∅.
Kneser graphs have many interesting properties. K(5, 2) is just the well-known Petersen graph. Recently, Valencia-
Pabon and Vera [3] studied the diameter of Kneser graphs. They proved that the diameter of K(n, r) is equal to
 r−1
k
 + 1.
The so-called generalized Kneser graphs are generalized from the Kneser graphs in a natural way. Let r, k be positive
integers, s(< r), a nonnegative integer, and n=2r − s+k. The generalized Kneser graphK(n, r, s) is the graph whose
vertex-set is [n]r where two r-subsets A and B are joined by an edge if |A ∩ B|s. Note that K(n, r, 0) is just the
Kneser graph K(n, r). In this note, by applying some ideas in [1–3], we determine the diameter of generalized Kneser
graphs. More precisely, the diameter of K(n, r, s) is equal to  r−s−1
s+k  + 1.
2. Lemmas
Let A, B be two vertices in K(n, r, s) where n = 2r − s + k.
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Lemma 1. If A, B are connected by a path of length 2p, p0, then |A ∩ B|r − p(s + k).
Proof. By induction on p. If p = 1, then there is a vertex, say C, in K(n, r, s), which is adjacent to both A and B. Let
x = |A ∩ C|, then xs. Note that |A ∪ C|, the cardinality of the complement of A ∪ C is equal to
n − |A ∪ C| = (2r − s + k) − (2r − x) = k + x − s.
Thus,
|A ∩ B| |(A ∩ B)\C|
= |B\(B ∩ C)\(B ∩ A ∪ C)|
= |B| − |B ∩ C| − |B ∩ A ∪ C|
r − s − (k + x − s)
= r − k − xr − (s + k).
Let p> 1. Suppose that there is a path of length 2p between vertices A and B. Clearly, one can ﬁnd a vertex, say C, on
the path, such that there is a path of length 2p − 2 between A and C, and a path of length 2 between C and B. By the
hypothesis of induction,
|A ∩ C|r − (p − 1)(s + k).
Together with |C ∩ B|r − (s + k) ⇒ |C\B|s + k ⇒ |A ∩ (C\B)|s + k, it follows that
|A ∩ B| |A ∩ B ∩ C| = |A ∩ C| − |A ∩ (C\B)|r − (p − 1)(s + k) − (s + k) = r − p(s + k). 
Lemma 2. If A, B are connected by a path of length 2p + 1, p0, then |A ∩ B|s + p(s + k).
Proof. Let C be such a vertex which is adjacent to B and connected to A by a path of length of 2p. Clearly, A ∩ B ⊆
[A\(A ∩ C)] ∪ (B ∩ C). By Lemma 1,
|A ∩ B| |A| − |A ∩ C| + |B ∩ C|r − [r − p(s + k)] + s = s + p(s + k). 
Lemma 3. Let A, B ∈ [n]r where n = 2r − s + k and 0k < r − 2s − 1. If |A ∩ B| = x > s, then
dist(A,B) = min
{
2
⌈
r − x
s + k
⌉
, 2
⌈
x − s
s + k
⌉
+ 1
}
.
Proof. LetC=A∩B,x=|C|, andD=A ∪ B.Note that |D|=x+k−s. SetA\C={a1, . . . , ar−x},B\C={b1, . . . , br−x}.
Let t = 2 r−x
s+k .
To show dist(A,B) t , let r − x = l(s + k) + m where l is a nonnegative integer and 0<ms + k. We consider
two cases as follows:
Case 1. l = 0.
In this case, r − x = ms + k and t = 2. To show dist(A,B)2, we must construct a vertex E which is adjacent
to both A and B. If k − s + 1>m, then |D| = k + x − sr . At this time, any r-subset of D can be chosen as E. If
k − s + 1m, we distinguish ﬁve subcases constructing E as follows:
• E = {b1, . . . , bm−k, am−s+1, . . . , am} ∪ D, if m max{k, s};
• E = {ak−s+1, . . . , am} ∪ D, if m min{k, s} and ks;
• E = {a1, . . . , am, b1, . . . , bs−k} ∪ D, if m min{k, s} and k < s;
• E = {a1, . . . , am, b1, . . . , bs−k} ∪ D, if kms;
• E = {ak−s+1, . . . , am, } ∪ D, if smk.
Case 2. l1.
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In this case, r − x > s + k, and t4. For 1 i t−22 , deﬁne
X2i−1={ar−x−s−(i−1)(k+s)+1, . . . , ar−x−(i−1)(k+s), ar−x−(i−1)(k+s)+1, . . . , ar−x, b1, . . . , br−x−k−(i−1)(k+s)} ∪ D,
X2i = {a1, . . . , ar−x−i(k+s), br−x−i(k+s)+1, . . . , br−x} ∪ C.
Note that
Xt−2 = {a1, . . . , am, bm+1, . . . , br−x} ∪ C,
where 0<m = r − x − l(s + k)s + k. Letting X0 = A, it is easy to check that Xj ’s are vertices of K(n, r, s) and
Xj is adjacent to Xj+1 for 0j t − 3, that is, there is a path of length t − 2 between A and Xt−2.
LetA′=Xt−2,B ′=B,C′=A′∩B ′ and x′=|C′|, then x′=x+l(s+k)> s, |A′\C′|=ms+k and |B ′\C′|=ms+k.
By a similar construction as in Case 1, one can ﬁnd a path of length 2 between A′ and B ′, that is, there is a path of
length 2 between Xt−2 and B. Therefore, there is a path of length at most t between A and B.
To show dist(A,B)2 x−s
s+k +1, letD′ ⊂ D with |D′|=x−s, andC′ ⊂ C with |C′|=x−s. If setA
′ =(B\C′)∪D′,
then |A′| = r , |A∩A′| = s and |A′ ∩B|= r + s − x. By a similar construction as above, one can ﬁnd a path of length at
most 2 r−(r+s−x)
s+k  = 2 x−ss+k  between A′ and B. In other words, there is a path of length at most 2 x−ss+k  + 1 between
A and B.
To prove dist(A,B) min{2 r−x
s+k , 2 x−ss+k +1}, let d=dist(A,B). If d=2p, by Lemma 1, x=|A∩B|r−p(s+k),
which implies that d = 2p2 r−x
s+k . If d = 2p + 1, by Lemma 2, x = |A ∩ B|s + p(s + k), which implies
that d = 2p + 12 x−s
s+k  + 1. In a word, dist(A,B) min{2 r−xs+k , 2 x−ss+k  + 1}. The conclusion of the lemma
follows. 
3. Result
Theorem. If r, k be positive integers, s(< r), a nonnegative integer, and n = 2r − s + k, then diam(K(n, r, s)) =
 r−s−1
s+k  + 1.
Proof. Consider two cases as follows.
Case 1. kr − 2s − 1.
LetA and B be two nonadjacent vertices inK(n, r, s), that is, |A∩B|=x > s. Clearly, |A∪B|=r+r−x < 2r−s ⇒
|A ∪ B|>(2r−s+k)−(2r−s)=kr−2s−1. Thus, |A ∪ B|r−2s. If r−xs, we constructC by choosing r−2s
elements from A ∪ B, s elements from A\C, and s elements from B\C. Otherwise, set C = (A\B)∪ (B\A)∪F ∪F ′
where F is a subset of A ∩ B with |F | = s − (r − x) and F ′ is a subset of A ∪ B with |F ′| = x − s. Clearly, in each
case, |C| = r and C is adjacent to both A and B, that is, dist(A,B) = 2 =  r−s−1
s+k  + 1.
Case 2. k < r − 2s − 1.
Deﬁne g(x)=2 r−x
s+k , h(x)=2 x−ss+k +1, and f (x)=min{g(x), h(x)}. By Lemma 3, diam(K(n, r, s))=max{f (x)}
where x takes values from the set {s + 1, . . . , r − 1}. To complete the proof, it is enough to show that
max{f (x)} =
⌈
r − s − 1
s + k
⌉
+ 1.
Let r − s−1=2q(k+ s)+ (k+ s)+y where q0,  ∈ {0, 1}, and 0<yk+ s. Clearly,  r−s−1
s+k +1=2q+ +2.
On one hand, setting x0 = q(k + s)+ (k + s)+ s, if xx0, then f (x)h(x)h(x0)= 2q + 2 + 12q +  + 2;
if x >x0, then f (x)g(x)g(x0 + 1) = 2q + 22q +  + 2. Therefore,
max{f (x)}
⌈
r − s − 1
s + k
⌉
+ 1.
On the other hand, if  = 0, letting x1 = q(k + s) + y + s, then g(x1) = 2q + 2, h(x1) = 2q + 3, henceforth,
f (x1)= g(x1)= r−s−1s+k + 1; if = 1, letting x2 = q(k + s)+ s + 1, then g(x2)= 2q + 4, h(x2)= 2q + 3, henceforth,
f (x2) = h(x2) =  r−s−1s+k  + 1. Therefore,
max{f (x)}
⌈
r − s − 1
s + k
⌉
+ 1,
which ends the proof of this theorem. 
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